A kinematical study is made on the relation between the spin-singlet and spin-triplet pair distribution functions in the many-body system of spin-1/2 particles, and a group of inequalities is derived from the positiveness of the square of the "local spin" which is the total spin of a subsystem confined in a certain local region. This spin condition is applied to the neutron matter in the two-body approximation of the cluster variation method, and a conditional Euler-Lagrange equation is derived for the ground state. Although the solution of the Euler-Lagrange equation has a long-range tail, the conditional energy minimum can be obtained from it. Numerical results show that the spin condition compensates the kinematical defects due to the truncation of the cluster series in a fairly wide density region and is useful to eliminate unnatural solutions. § 1. Introduction
The cluster variation method for quantum-mechanical many-body problems, which was initiated by Jastrovv,v Iwamoto and Yamada, 2 J has subsequently been studied by many researchers. 3 l Among the problems in the application of this method we investigate, in this paper, the truncation of the cluster series and the degree of freedom of the variation as having fundamental importance.
It is practically impossible to calculate all the terms of the cluster series, and some kind of truncation is inevitable. However, Emery 4 l pointed out a possible difficulty that the truncation may cause an absence of energy minimum or may yield an unreasonable energy minimum. This difficulty may be caused by imperfect normalization and violation of the Pauli principle in the truncated series. A usual way to remove this difficulty is to exclude unnatural trial functions by imposing subsidiary conditions which compensate the above-mentioned kinematical defects. For example, Yamada 5 l derived several geometrical conditions which must always be satisfied by the pair distribution function (necessary condition), and applied them to the nuclear matter. 6 l Two other kinds of conditions were used by Clark et al.n One is Mayer's condition 8 l which coincides with one of the geometrical conditions in certain cases, and the other is the orthogonality (or average Pauli) condition, which was introduced in the cource of their work aimed at a formal connection between the cluster variation method and the reaction-matrix method
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of Brueckner, Bethe and Goldstone. The importance of the Pauli principle has also been pointed out by many authors.') In § 2, we discuss another kinematical feature of the many-body problem, and derive some inequalities related to the ·spins of the pairs in the many-body system. Now, we turn to the consideration of the variation procedure. The most popular way is to use a parametrized trial function, which must be chosen a priori.
Then, there always exists a danger that important variational degrees of freedom are inadvertently omitted resulting in an insufficient minimization. The best way of the minimization is to solve the Euler-Lagrange equation (EL equation). GrypeoslO) derived an EL equation by applying the variation principle to the energy expectation value which was expressed in terms of two kinds of distribution functions.11) In this paper we derive a different EL equation. We impose the abovementioned inequalities as subsidiary conditions upon the energy minimization.
Those inequalities are infinite in number, and it might appear that the Lagrange multiplier method cannot be used in such a case. In § 3, however, we solve this problem and obtain an EL equation.
We examine the general aspects of the solution of our EL equation in § 4 and apply our method to the neutron matter in § 5. Section 6 is devoted to discussion. § 2. Spin condition
In this section, we investigate relations among the numbers of the pairs m spin multiplets, and derive a spin condition for the many-body system which consists of one kind of spin-112 fermions. We start from an n-body system. Let 1 n and 3 n be the numbers of the spin singlet and triplet pairs respectively. These numbers are given as the expectation values of the operators where 'Pij are the projection operators for the spin singlet (v = 1) or triplet (v = 3) 
Spin Condition in the Cluster Variation i\1ethod
The expectation value of Kn is Since the total-spin quantum number can take the value between 0 have the upper and lower limits of the expectation value of Sn 2 as ~n(~n+1)>Sn 2 >0. Equation (6) together with Eqs. (3) and (5) gives the inequalities and 1 n~~~an> ~ in(n~ 1).
(5)
and n/2, we (6) 
It is clear that the equality in (7a) holds only in the case of the zero total-spin state. On the other hand, the equality in (7b) corresponds to the totally symmetric (completely polarized) spin state. In most cases the many-body configuration is far from such a state, and we do not pay attention to the relation (7b) any more.
Next, m order to obtain inequalities which are more useful in many-body problems \Ve generalize the above consideration to subsystems of the N-body fermion system. In particular, we consider the subsystem which is composed of the particles in a certain spatial region A whose volume is VA. In this case we must pay attention to the fact that the number of particles in A is generally indefinite.
We define the following "local" operator instead of Kn:
The operator ~(A; ri) is the projection operator onto the region A, and is defined by We also define the "local spin"*) by triplet pair distribution functions, which are denoted by 1 F(r~> r 2 ) and 3 F(rl> r 2 ) respectively. For a pure quantum-mechanical state, they are expressed as (12) where IJf = IJf (r~> · · ·, rN; ):)• · · ·, XN) is the normalized wave function and Vis the volume of the system. The summation .I:x is taken over all the intrinsic coordinates Xi· For a mixed state, vF(r~> r 2 ) is the weighted average of those of the pure states. Then, in general, the expectation value of teA is written as iEA = tP 2 Sv dr1 Sv dr2 fF(rl> r2) -! 3 F(rh r2) H' (A; r1) ~(A; r2), (13) where p is the number density N jV. If the distribution functions depend only on the distance between the two particles, we can write as (14) where uA(r) IS the weight function for the region A;> uA(r) =_1___ Sdr1 HA; r1) HA; r1 + r). (15) The expectation value of the first term on the right-hand side of Eq. (11) IS p VA/2, and the second term is certainly positive definite. Thus, we arrive at the spin condition,
VA
where the left-hand side is to be calculated by Eq. (13) or (14) . This condition must be satisfied for any shape and size of the region A. We apply it to the neutron matter in the following section. § 3. The Euler-Lagrange equation
As mentioned in § 1, one of the key points in our variation method with the subsidiary condition is whether we can derive the EL equation or not. It is easy to obtain it for simple conditions, but the spin condition (and the geometrical conditions also) has fairly complicated structures, being represented by an infinite number of inequalities. This infiniteness comes from the arbitrariness of the shape and size of the region A. Only a particular shape which is considered to give the severest conditions is adopted in practice. Therefore, we assume a certain shape hereafter. Then, we can derive the EL equation in spite of the remaining arbitrariness of the size. Let us take up in the present paper the ground state of the infinite neutron matter as an example, and assume the semi-realistic OMY potentiaP 2 > and the two-body cluster approximation of the Iwamoto-Yamada expansion. The OMY po- tential is specified only for the even states; we adopt a simple hard-core potential for the triplet-odd state. Namely, { -Yo exp {-r (r-r c)},
The force parameters and the hard-core radius rc are given in Ref. 12 ).
(17)
In the Jastrow-type wave function 'fJf =!2(/), the Slater determinant rJ) composed of plane waves represents the model single-particle configuration. On the other hand, the trial correlation function carries the physical information on the manybody correlation. In connection with the nuclear force (17), we adopt a simple state-dependent pair correlation function,*>
The boundary condition to be imposed on "f(r) is**>
r~oo.
Then (20)
The operator 10, which is the symmetrizer with respect to the order of the product, is necessary as hi (I r; -ril) do not commute with each other: However, this symmetrizer does not change the cluster terms up to the second order, although it causes some additional complication in higher-order terms. Finally, we assume that the pair correlation function f;i(r) is a real function.
The expression of the energy per neutron is, up to the two-body cluster term, 3 
E=-EF+E2
5 '
where EF 1s the Fermi energy and E2 is the two-body energy, 
where '¢ are functions satisfying the boundary condition '¢=0 (26) and 'lj is a real parameter. Actually we need another boundary condition associated with the derivative at r-Hio, which will be specified later as Eq. ( 46). Expanding the variation oE = oE2 in powers of r;, we have the first-order variation om E 2 as (27) Here, the last term is the surface term arising from partial integration. In order that E 2 may have a minimum this term should vanish, and we neglect it in this section, although it requires further discussion as given in § 4. Without this term the EL equation for the unconditional variation can be immediately obtained from
Ow E2 =0 as
Hs'f=O, (s=O, 1).
Now, we impose the spin condition (16) (29)
If we use the two-body cluster approximation of the pair distribution functions,
otherwise.
When the solution of Eq. (28) satisfies the inequalities (29), it is the final solution.
On the other hand, when it violates the inequalities (29), the condition to be imposed is also written as 
Thus, by the use of the Lagrange multiplier A, our conditional problem of variation can be reduced to the minimization (or stationalization) of the functional
It should be noted that the value of ICf, '7) is equal to that of E2 Cf, '7) as far as the condition (33) is satisfied. The variation of K (7, 3 f; b) 1s written as (36) where b0 and b1 satisfy the following equations from the requirement of (34):
First, we deal with the part of oK caused by the change of the parameter from b0 to b1• By keeping only the first-order term for this part, we get oK=KCf + r/¢, 'i + r; 3 ¢; bo) -KC.f, 'i; ba)
Fortunately, however, the last term vanishes because of Eq. (37). Then, the remaining part is merely the variation of K C.f, 3 f; b) at the fixed point b = b0, and we get the first order variation,
Jr,
Now, we can express the first-order variation of ICf, 3 
We denote the solution of the EL equations ( 41) with the boundary condition (19) by viE, where we attach the subscript E for convenience of discussion. The asymptotic form of viE is easily obtained as
The integration constant 1 a ("a in the singlet-even state) tends to the singlet scattering length in the limits of kF--'>0 and oo. 
and as a natural extension of this,**) we also impose an additional condition on
Here, we encounter a problem that the solution of the EL equation generally *) This result ('a~asinglet<free) for r~oo) comes from masking of the Fermi correlation (which is represented by L,) by the hard-core repulsion. **) Various other arguments are possible for the necessity of this condition, but we give no account of them in this paper because they rather deviate from the subject of this paper. violates the condition ( 47) because it has the asymptotic form as given by ( 45).
However, this does not constitute a real obstacle; all we have to do are to introduce infinitesimal modifications of the "j' s so as to make the "j's satisfy Eq. ( 47) and to pay proper attention to these modifications in calculating the energy. In order to prove it we consider the following functional I' Cf, sf): The difference between ICfE, "iE) and I' CfE, "iE) is due to the singular behavior of I(lj, a_[) around "f="fE· In the following we show that the expression (52), not (51), should be taken as the two-body cluster energy.
Let R 0 and R 1 be the function spaces which are specified by the asymptotic behavior as R 0 = {functions which tend to unity faster than 1-a/r}, R 1 ={functions with 1-a/r tails}.
In the space R 0 U R, the functional I' (lj, 8 j) .has the stationary value which is given by Eq. (52). Here, we assume that this stationary value of I' Cf, 8 (52)) as the two-body cluster energy in the ground state. Namely, the groundstate energy per particle is given by *>From Eq. (48) and K('/E,'/E;bo)=O, we get l'('fE,'JE)=E.'('fE,'/E). J,
In deriving the expression (56b) we have used (57)
· 2 Correlation june tions with nodes
Here, we make brief comments on the second-order variation. In the case of unconditional variation (A= 0), the second-order variation is given by (58)
The right-hand side of this equation is positive unless the operator 1-I, has negative eigenvalues. Figure 1 shows the unconditional singlet scattering length in the neutron matter. The positive value of 'a is associated with a correlation function with a node, showing the existence of pair bound states. If this bound state function is taken to be "¢, the second-order variation is negative. Thus, the pair correlation functions with positive scattering lengths as in Fig. 1 have nothing to do with the ground state. Furthermore, the large absolute values of 1 a around kF~2 fm _, give an unnaturally deep minimum value of ICJ, 3 j) for unconditional variations. This kind of singular behavior of the scattering length does not appear if a state-independent trial function is used. Its occurrence in our case of statedependent pair correlation functions is due to the allowance of more variational "a(tm) together with the results of the state-independent pair correlation function. *J It is observed that a minimum of E2 appears in the case of the larger hard core but not in the case of the smaller one. The geometrical condition is violated in the dotted part. If we impose it in addition to the spin condition, we shall get a minimum of E2 even for the smaller-core potential.
Finally, we compare our results on the neutron matter with some of other calculations in Fig. 9 . § 6. Discussion It is found in § 5 that the spin condition moderates the strong state dependence of the pair correlation functions. This is the consequence of the repulsion (for the singlet-even state) and the attraction (for the triplet-odd state) of the effective potential ( 42). Thus, this condition is useful to avoid unnatural solutions. It will be interesting to see whether this is the case with more realistic potentials. Incidentally, our method of deriving the EL equation can easily be applied to the cases of more realistic potentials and more complicated correlation functions.
The consideration as was made in § 2 is extendible to the many-fermion system composed of spin-1/2 isospin-1/2 particles, and we can obtain some spin-isospin conditions, which will be published elsewhere. These conditions will be important for the discussion of the nuclear matter. On the other hand, while the spin condition discussed in the present paper is referred to one local region, we can get other conditions referring to two regions like those of the geometrical conditions. It is probable that such conditions are severer than the present one.
Meanwhile, in the high density region, higher-order cluster terms are important. Although handling of them offers a difficult problem, we expect that the geometrical conditions, when incorporated into the two-body cluster formulation, will compensate the neglect of higher terms fairly well. While one of the geometrical conditions, which is considered to be severest among them in most cases, contains three variable parameters referring to the sizes and relative distance of two local regions, the EL equation with this condition can be obtained by the method discussed in § 3. This EL equation includes additional state-independent effective potentials due to the geometrical conditions. As for the numerical handling of this equation we may gain useful information from the treatment of the boson systems, e.g., a 4 He liquid.
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*l In the case of the state-independent function, the solution of the unconditional EL equation violates the spin condition at ro:2':0.9 fm for r,=0.4 fm, and at ro:2':1.3 fm for r,=0.6 fm.
